Precision control of a tiltable spinning shaft requires realtime measurement of the inclination. Conventional single-axis encoders, though capable of providing high-resolution (linear or angular) measurements, rely on mechanical linkages (that often introduce frictions, backlashes, and singularities) to constrain the device so that the three-DOF motion can be deduced from the individual orthogonal measurements. Vision-based sensors, which have the attractive features of being non-contact, are limited to low speed measurements. We present here an efficient method for designing a magnetic field-based orientation sensor for devices where orientation control of a rotating shaft under the influence of a magnetic field is required. The ability to characterize the magnetic fields and forces in addition to orientation sensing can offer a number of advantages in real-time computation and control.
INTRODUCTION
Precision machine tools, automated cutting of deformable food products (such as poultry, meat and fish), gyroscopes and mobile vehicles (such as car wheels [1] [2] , propellers for boats, helicopter or underwater vehicle) require orientation measurement and control of a rotating shaft. The use of singleaxis encoders for measuring 3-DOF motions often requires a mechanism to constrain the device so that the 3-DOF motion can be deduced from the three individual orthogonal measurements. The desire to eliminate the constraining mechanism, which often introduces significant friction and inertia, has motivated Lee and his co-workers to develop alternative image-based methods for measuring the 3-DOF orientation of a spherical body [3] [4] [5] . Image-based sensors, which have the attractive features of being non-contact, are limited to low speed measurements. For devices such as a PM-based spherical wheel motor (SWM) [6] or a high-speed spindle, the ability to measure magnetic fields and forces in real-time can broadened the applications of a SWM.
Magnetic sensors are widely available at low cost due to the rapid advancement of semiconductor fabrication technology; a review of commonly used magnetic field sensing techniques can be found in [7] . For example, the Hall-effect sensors which can measure either a constant or a varying flux possess both small size and CMOS compatibility [8] . The frequency limitation is about 1MHz. They are light and about 0.1in 2 . Their power requirement is between 0.1 and 0.2W, and they can be operated over an extremely wide temperature range from 200°C to near absolute zero (-273°C). The advantages of Hall-effect sensors, although they are widely availability at low-cost, are seldom exploited for real-time multi-DOF motion control applications because of complicated field analysis involved in their design. Existing techniques for analyzing electromagnetic fields and for real-time control of a multi-DOF PM-based actuator rely primarily on two approaches; namely, numerical methods or lumped-parameter analyses with some form of magnetic equivalent circuits. These approaches have difficulties in achieving both accuracy and low computation time simultaneously.
Recently, Lee et al. developed a new modeling method to derive closed-form solutions for characterizing the magnetic fields of a PM [9] or an electromagnet [10] by using multiple distributed poles (DMP) for designing a PM-based device. While a single dipole has been a widely used model to analyze the magnetic field at a sufficiently large distance for applications [11] [12] , it generally gives a poor approximation when the length scale of the field is very small. The DMP method inherits many advantages of the dipole model originally conceptualized in the context of physics, but provides an effective means to account for the shape and magnetization of the physical magnet. This paper extends the DMP method developed in [9] deriving the inverse solution of the DMP model for the design of a multi-DOF orientation sensor using magnetic sensors.
The remaining paper offers the following: 1. We present a method for designing a magnetic field-based orientation sensor using an assembly of magnetic sensors (such as Hall-effect) along with one or more high-coercive permanent magnets which are designed for both actuation and orientation sensing. 2. We extend the distributed multi-pole (DMP) modeling method for deriving a PM-based orientation sensor. Unlike other field calculation methods (such as FEM), the DMP models can be computed in real-time for motion estimation.
Once the magnetic fields are obtained, the forces and torques on the PM assembly can also be computed from the surface integration in terms of a Maxwell stress tensor. 3. A design analysis detailing the effects of key design parameters on the performance of the magnetic field-based orientation sensor is given. While developed in the context of a spherical motor, the modeling techniques presented in this paper are applicable to other PM-based actuator and sensing systems. Figure 1 defines the coordinate systems used in formulating the PM-based orientation measuring system, where a and are the radius and length of the cylindrical PM; and M is its magnetization. In Fig. 1(a) , the PM moves with the rotating xyz coordinate frame; and the distance L that describes the center of the PM is known by design. The location and orientation with respect to the XYZ reference frame are described by the coordinate transformation: 
MAGNETIC FIELD FOR SENSOR FORMULATION
The PM is modeled analytically [9] using k circular loops (each with radius j a , j = 0… k) of n dipoles (strength m j ) in parallel to its magnetization vector as illustrated in Fig. 1(b) . We define here a dipole as a pair of source and sink separated by a distance ( 0 < < ). The coordinates of the source and sink, ji + p and ji − p respectively, are known constants in xyz frame. In Fig. 1(b) , ji R + and ji R − are the distances from the i th dipole in j th loop, to the sensor located at P. In XYZ reference frame,
where
and 2 3 ( )
Equation (3) provides a means to determine the unknown orientation q(α, β, γ) from the magnetic flux density B using field-based sensors. However, the unknown orientation q must be solved implicitly from (1) and (3).
As will be shown, the inverse problem can be solved from X B ± and Y B ± measured using two sensor-pairs located respectively at [ ]
where the subscript i± denotes the i th sensor pair.
Illustrative Example 1
To illustrate the use of the DMP model (3) for designing an orientation sensor, we make the following simplifications for clarity in explanation: (a) The sensors are located such that , R a >> . (b) Sensor are oriented such that 90
This reduces the expression for B to ( )
As shown in Fig. 1 (a),
is the vector of length in XYZ frame.
For the sensor locations defined in (4a,b), Assumption (b) implies 
defines the center of the PM;
Equations (7) to (9), which implicitly relate B to ẑ through R and σ, can be used to solve m X , m Y and m Z in closed form. Expanding (8a,b) with (9), R + from (10c) and (10d) leads to (11a) and (11b) respectively:
From (9) 
In ( The above example illustrates how the shaft inclination can be determined from two orthogonal magnetic sensor-pairs. While the assumption that the PM can be approximated as a single dipole permits the orientation (α, β) to be solved in closed form, it has some practical limitations where R and are in the same order.
MAGNETIC ORIENTATION SENSOR
To allow for a broader application of the magnetic sensors for measuring the orientation of a three-DOF actuator in real time, two different alternatives which relax the single dipole assumption are derived in this section; incremental and absolute orientation.
A. Incremental Orientation
The common approach to reduce (3) for a real-time application is to compute the incremental change in orientation, (12) such that the orientation [ ]
For a sensor located P,
where q denotes α, β or γ; and = − ji± ji± R P P . The partial derivative in (15) is given by
Once [A] is computed, the orientation can be updated:
Equations (3) and (16) provide a general formulation of a fieldbased sensor for incremental orientation measurement in realtime computation.
B. Absolute Orientation with Polynomial Approximation
Another alternative to determine the absolute orientation in real time is to express the measured magnetic field densityB of the sensor as a polynomial function and solve the inverse problem (of computing the rotor orientation from the measured magnetic field). The method has an advantage over the incremental measurement in that it is not susceptible to cumulative errors. 
where ( , ) k B α β is the analytical solution (3).
Solutions to the Inverse Problem
OnceB is modeled, the orientation (α, β) can be obtained by solving the inverse problem; the solution depends on the order of the approximation. In general, two equations can be obtained for each of the sensor pairs: 
where W 1 and W 2 are the 2×2 weighting matrices. For the sensor pair defined in (4a,b), the following matrices are chosen:
Illustrative Example 2
For the 1 st order approximation (n=1), the inverse solutions are given by (22a, b): Higher order approximations, though lengthy, can be solved similarly. In general, the inverse solutions become complex as the order increases.
RESULTS AND DISCUSSIONS
To provide some insights to the angle measurements, we simulate the performance of the sensing methods by computing the measurement errors, and compare the absolute orientation against the methods single-dipole approximation (11) and incremental measurement (16). We also simulate the effects of sensor location and orientation to provide some hints on the choice of the weighting matrices.
A. Effect of the polynomial order
We simulate the magnetic field of the two sensor-pairs defined in (4a,b) . The values of the sensor system parameters used in the simulation are listed in Table 1 . Figure 2 (a) graphs the analytical solutions of the magnetic field B Y at the point P(0, S, Z s ) computed using (3) over a (α, β) range of ±20°, for which the simulated measurements of constant B X± and B Y± contours (in Tesla) are plotted in Fig. 2(b) . Since the sensors are placed symmetrically about the x and y axes, only one sensing quadrant is presented. As expected, the contours are circular in nature and the sensor readings decrease as the PM moves towards the center. Table 1 For the sensor pairs defined in (4a,b), the coefficients in (17) are computed using Matlab Optimization toolbox minimizing the error (18); the results of three different orders of approximation are given in Table 2 . Figures 3(a), 3(b) and 3(c) compare the magnetic field densities and errors approximated using 1 st , 2 nd and 3 rd orders respectively.
As shown in Fig. 3(a) , the 1 st order approximation, which is linear in α and β, relatively poor in capturing sharp changes.
The maximum error, however, can be reduced by increasing the order of the approximation as compared in Table 2 . With the 3 rd order approximation, the maximum error can be kept within 1% as shown in Fig. 3(c) where the errors are relatively uniform over the measured range. (n=1, 2, 3 ) of the approximation are plotted in Fig. 4(b), (c) and (d) . Figure 5  4 Copyright © 2007 by ASME compares the maximum errors of the absolute orientation measurement against two other methods of approximation; single-dipole approximation (11) and incremental orientation measurement (16).
Several observations can be made from the results: i) Single dipole approximation, which neglects the physical dimension of the magnet, offers limited accuracy as shown in Fig. 5 . ii) As compared in Fig. 5 and Table 5 , the measurement errors based on polynomial approximation decrease as the order increases. For the range of ±20°, errors less than 5 μradians can be obtained with the 3 rd order approximation.
iii) The errors of the incremental measurement depend on step size as shown in Fig. 6 (a) α and β trajectory (b) n=1 
B. Effect of Sensor Location and Orientation
The two angles (α,β) can be theoretically computed from any two of four equations. We exploit the redundancy for improving the sensor performance. To provide some insights to the choice of the weighting matrices (21b), we simulate the setup where both pairs of sensors measure the magnetic field density in the Y-directionˆY B ± located on the following coordinates: Fig. 7 summarizes the results of the simulation, where the corresponding coefficients in (17) are given in Fig. 7(b) . Figure  7(a) shows the exact solution of the magnetic field. Figure 7 (c) graphs the magnetic field based on the 2 nd order approximation and its modeling error of the magnetic field. As compared in Figs. 7(d) and 7(e), since both pairs of sensors measure the magnetic field density in the Y-directionˆY B ± , the β angles are measured much more accurately than the α angle. 
Conclusions
We derived the inverse solution of the distributed multi-pole (DMP) model for the design a magnetic field-based sensor of measuring the multi-DOF model. The DMP model extends the concept of a magnetic dipole and doublet beyond the context of physics to account for the shape and magnetization of the physical magnet. The simplicity of the closed-form solutions along with precise (and yet intuitive) magnetic fields of the DMP models have been demonstrated to show how the inverse DMP models can be efficiently characterize the magnetic fields for real-time orientation measurement.
Two different approaches, which relax the single dipole assumption to allow for a broader application of magnetic sensors for measuring the orientation of a three-DOF actuator in real time, have been derived; incremental and absolute orientation. Simulation results are given to provide insights to the performance of the sensing methods by computing and comparing the measurement errors the absolute orientation, incremental measurement, against the method based singledipole approximation and exact solution. We show that how an inexpensive magnetic sensor (such as a Hall Effect) can be used to provide redundant measurements and to provide some insights to the choice of the weighting matrices. We also investigate by simulation the effects of sensor location and orientation.
The advantage of the magnetic sensor is that it measures the magnetic field directly, which can be used to calculate the magnetic force and torque involved. The trade-off is that it 5
Copyright © 2007 by ASME requires the inverse solution of the magnetic field. We have shown in this paper how the inverse solution can be derived from the DMP model which is given in closed form. The ability to characterize magnetic fields and forces in addition to orientation sensing can offer a number of advantages in real-time computation and control. 
